Module 2 Lesson 2
Quadratic Equations

Objectives

In this lesson, we will learn how fo
« solve quadratic equations using the zero product property;
« solve quadratic equations using the square root property;
« solve quadratic equations by completing the square;
. solve quadratic equations using the quadratic formula;

. use the discriminant fo determine the number and type of solu-
tions.

A quadratic equation in the variable ;. is an equation of the form

ar® 4+ bxr +c =0,

where g, b, and ¢ represent real numbers and ¢ £ (.

In this lesson, we study several ways to solve quadratic equations, which
i also referred to as finding the zeros. The solutions, or zeros, of a
quadratic equation represent the points where the graph of the corresponding
quadratic function crosses the ;-axis.

1. Zero Product Property

Zero Product Property
If mn =0, then ), =0 of n = 0.

For example,

22 —5x+6=0



factors as

(¢ 2)(x - 3) =0,

Example 1: Use the zero product property to solve the following
quadratic equations:

(@) 22 22 —15=0
(P) 322+ 72 —-6=0

Solution

(a) Factor:

x? —2x— 15 = (z — 5)(z +3) = 0.
Sox—5=00"z+3 =0, 9ing

(b) We need two numbers whose product is 3. (—6) = —18 and whose
sum is 7: these are g and _9.

3224+ 9z — 2z — 6 = 0.
3x(x+3)—2(x+3)=0.

3z —2)(z+3)=0.
SO 3r —2=00F z+3 =0, 9ving

2 or 3
r= T =—3.
3



2. Square Root Property

Cquare Root Property
If 22 =, then » — +V/k&.

For example,

1 =25 = 1z =45, (z+5)%2=8 = z+5==+V8.

3. Completing the Square

A perfect square trinomial can be written as the square of a binomial:

2 +10x +25 — (z+5)% v’ —8y+16 — (y—4)°
Example 2 Golve the following quadratic equations by completing
the square.

(@) 22— 62+7=0

() 322+ 72 -8=0



Colution
(@)

22— 6x=—T1.

Add (—76)2 — 9 fo both sides:

22 —6r+9=—-7+9=2.
(x—3)?=2.
r—3 =42

a::3:|:\/§.

(b) Divide by 3:

Add (1)2 — 49 to both sides:
6 36

49 8 49 96 49 145

2 7
Tt -t ==

5" 3673736 36 36 36

6/ 36

7 V14
B == i—5.
6 6

—7++V145
r=—.
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4. Quadratic Formula

Quadratic Formula

For the quadratic equation writfen in standard form 42 1+ pr + ¢ = 0,
the colutions are given by

—b+ Vb2 — dac
Tr = °
2a
Example 3: Colve the following quadratic equations by using the

quadratic formula.
(@) 322 472 -8=0

(V) 522 — 62 = —2

Golution

(@) Hete y =3, b=7c=—-8&

Tr =

—7+/7?—403)(—8) -7T+£+/49+96 -7++145
2(3) B 6 B 6 '

This matches the completing-the-square result above --- a good con-
sistency check!

(b) Rewrite in standard form: 5,2 62 4+2=0,904a =5 b= —6,
c=2

_6+4/(—6)2—-4(5)(2) 6+£+36—40 6++—4 6+2i
B 2(5) B 10 10 10

T




5. The Discriminant

Discriminant and Properties of Solutions

FOr 422 + by + ¢ = 0, where g, p, ¢ are real numbers, the discriminant
iS b2 — 4dac.

(i) 2 — 4ac = 0: one real-number solution;
(ii) p2 — 4a¢ > 0: two distinct real-number solutions;

(i) p2 — 4ac < 0: two distinct imaginary solutions, complex conju-
gates.

For case (ii), if p2 — 4qc is a perfect square, the solutions are rational;
ofherwise, they are irrational.

Example u: Determine the properties of the solutions by computing
the discriminant of each quadratic equation.

(@) 422 — 102 +25 =0
(®) 222 — 52 —-3=0

(€) 322 — 22 = -5



Colution

(@) a=4b=—-10, c = 25

b? — 4ac = 100 — 4(4)(25) = 100 — 400 = —300 < 0.

Two distinct imaginary solutions (complex conjugates).
®a=2b=-5 c=-3

b® — dac = 25 — 4(2)(=3) = 25 + 24 = 49 > 0,

and 49 is a perfect square. Two distinct rational real-number solutions.
(c) Rewrite in standard form: 342 9, +5=0,904q¢ =3, b= —2,

c=5

b —4ac=4—4(3)(5) =4 — 60 = —56 < 0.

Two distinct imaginary solutions (complex conjugates).

Summary

Key Ideas

A quadratic equation has the form 42 4+ hr + ¢ = 0, With ¢ £ 0.

2ero product property: if 4 = (, then 4y =g ot =0 ---
useful when the equation factors nicely.

Square root property: it 42 — £, then 5 — +/%.

Completing the square turns 42 1 p info a perfect square trinomial
by adding (3)2

The quadratic formula 5 —

—b+Vb? — 4dac
2a

solves any quadratic

equation.

The discriminant 32 — 44 tells you the number and type of solu-
tions before you even solve.



