Module 3 Lesson 1
Infroduction to Polynomial Functions

Objectives

In this lesson, we will learn how to
« identify polynomial functions and their degree;
. determine end behavior using the leading-term test;
. find zeros of a polynomial and their multiplicity;
« Classify zeros as cross or bounce points;

o find z- and y-infercepts of a polynomial function.

1. Polynomial Functions
Polynomial Function

A function of the form

f(2) = @™ 4 a1 2" 4 ap_oz™ 2 + - - + a1z + ay, a, # 0,

i a polynomial function.

Examples:
f(z) =22 — 42 + 52 — 6, f(z) = =32° + 72 -9,
4
y = 4a% — 72? — 62 — 42* + 5x — 6, V:§7rr3.



o The coefficients ¢, 1,....as, a1, @' feal numbers . The powers
n,n—1,n—2,... are non-negafive infegers (whole numbers).

« The degree of a polynomial function is the highest power of 4 in the
formula.

« The graph of a polynomial function is both continuous and smooth .
Informally, a continuous function can be drawn without lifting the pencil
from the paper, and a smooth function has no sharp corners or points.

Turning Points

Turning Points

A polynomial function of degree j, has at most 5, — 1 hills or valleys
(turning points).

Degree 2 (quadratic) --- 1 turning point

A

Degree 3 (cubic) --- at most 2 turning points
Degree 4 --- at most 3 turning pointg

AL e

2 turning points

3 turning points \ turning point



3. End Behavior (Leading-Term Test)

The left-hand/right-hand end behavior is determined by (1) whether the degree
is even ofr odd, and (2) the sign of the leading coefficient.
Even Degree. The ends shoot off in the same direction.

. If the leading coefficient is positive, both ends go up.

. If the leading coefficient is negative, both ends go down.

>

Leading coefficient Positive Leading coefficient Negative

f(z) = o0 1 flx) —» o0 A

Odd Degree. The ends shoot off in opposite directions.
o If the leading coefficient is positive, left down and right up.

. If the leading coefficient is negative, left up and right down.



Leading coefficient Positive

A

Example 1:

f(@) = o0

Leading coefficient Negative

f(z) = oo A

Determine the end behavior of each polynomial.



Colution

(a) Degree 4 (even), leading coefficient 3 -~ (: both ends go up
(f(z) = 00 @S 2 — +00)-

(b) Degree 5 (odd), \eading coefficient —_2 ~ : left up, right down
(f(z) = 00 @S 2 = —00, f(x) = —00 AS T — 00)-

(c) Degree 2 (even), leading coefficient —4 ~ (): both ends go down
(f(z) = —o0 @S 2 — +00)-

(d) Degree 3 (odd), \eading coefficient g ~ (: \eft down, right up.

(e) Degree ¢ (even), \leading coefficient 5 -~ (: both ends go up.

Zeros and Multiplicity

2eros of a Polynomial

A zero of a polynomial function f is a value ¢ such that f(e)=0.1¢
(z —c)™ 18 a factor of f(z) and (1 — ¢)m*! is nof, then ¢ is a zero of

multiplicity 1m,.

Example 2: List the zeros of each polynomial and state their mul-
tiplicity.

(@) f(z)=(z —2)3x + 1)

(b) f(z) = 2(x — 4)(x +5)*

(©) f(z) = —-2(z — 1)(z — 3)*(z +2)°



Colution
(@) 2 =2, multiplicity 3 (odd); r = —1, multiplicity 2 (even).

(0) 2 = 0, multiplicity 1 (odd);
x = 4, multiplicity 1 (odd);
r = —5, multiplicity 4 (even).

(c) 2 = 1, multiplicity 1 (odd);
r = 3, multiplicity 2 (even);
r = —2, multiplicity 5 (odd).

5. Cross vs. Bounce Points

Behavior at a Zero
o If the multiplicity /1, is odd , the graph crosses the ,-axis at ..

o [If the multiplicity ;) is even, the graph touches the ;-axis and
bounces back (turng around) at .

! Even mult.: bounces

Odd mult.: crosces Mult. 3 and mult. 1: both cross

Example 3: Find the zeros of each polynomial and classify each as
a cross point or bounce point.

(@) f(z) =2 + 42° + 322
(®) fz)=2°—522—2+5



Golution

(a) Factor out the GCF, then factor the remaining trinomial:

f(z) = 22(2® + 4z + 3) = 2%(z + 1) (= + 3).

2er06: 4 — () (mult. 2, bounce), ;- — —1 (mult. 1, cross), ; = —3 (mult.
1, crosg).
(b) Factor by grouping:

flx)=2*(z—5)—1(z—5)=(z—-5)(2*—-1) = (z = 5)(z - 1)(z + 1).

2e108: =5, x =1, x = —1, each mulfiplicity 1 (all cross points).

6. Intercepts

Finding Intercepts
. y-intercept: evaluate £(0).

. g-intercepts: solve f(z) = (these are the zeros of f).

Example 4 Find the ;- and y-infercepts of f(z) = (2 — 2)(z +
1)(x + 4).

Colution

p-intercepts  (zer08): 5 = 2. 2 = -1, z = -4, ie
(2,0), (—1,0), (—4,0).
yrintercept: £(0) = (0—2)(0+1)(0+4) = (~2)(1)(4) = —8. L2 (0, —8)



7. Reasoning About Degree

Example S: A polynomial's graph has exactly 2 turning points and
both ends rise. What is the smallest possible degree, and is the leading
coefficient posifive or negative?

Solution

A degree-y, polynomial has at most ,, — 1 furming points, so 92 furning
points requires degree at least 3. Cince both ends rise, the degree must
be even, so the smallest possible degree is [4] Both ends rising means
the leading coefficient is positive.

Example &: A polynomial's graph crosses the p-axis at ; = —3. 0,2
and has y-infercept (. Both ends of the graph fall. What is the
smallest possible degree?

Colution

Three distinct crossing zeros require at least degree 3 (odd). But both
ends falling means the same direction on both sides, which requires
an even degree. The smallest even degree that can sftill produce 3
sign changes (crossings) is --- one of the zeros would need even
multiplicity, e.g. f(z) = —(z+3)(z)(x—2)2 o another zero is repeated
so fotal multiplicity is 4.

Example 7: The graph of a polynomial touches the ,-axis at ; — 1
without crossing, and crosses at  — —2. What is the smallest possible
degree?
Colution

Touching (bounce) at , — 1 requires even multiplicity, smallest is 2.
Crossing at ; — —2 requires odd multiplicity, smallest is 1. Total

smallest degree: 2 + 1 = .



Summary

Key Ideas

A polynomial function has the form ¢ 27 4. ..+ 2+ ay; S degree
is the highest power of 4, and its graph is always continuous
and smoofth.

A degree-, polynomial has at most , — 1 turning points.

End behavior i determined by the degree’s parity and the \eading
coefficient's sign: even degree _y both ends the same direction;
odd degree _ opposite directions; positive \eading coefficient
fight end up; negative s right end down.

fz—cmisa factor of f(x). then ¢ is a zero of multiplicity
odd multiplicity —s the graph crosses the ;.-axis; even multiplicity
— the graph bounces.

The ¢-intercept is f(0); the y-intercepts are the zeros of f.



