Module 3 Lesson 3A
Graphing Rational Functions

Objectives
In this lesson, we will learn how to
« graph the toolkit functions 1 and 12 ;
x i

« graph transformations of these toolkit functions;

« fully graph a rational function using domain, infercepts, asymp-
totes, holes, and a table of points.

1. Toolkit Functions
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Key Features

. Both toolkit functions have a vertical asymptote at , — o and
horizontal asymptote y — (.

e flx) = % is an odd function (symmetric about the origin); its
two branches lie in Quadrants [ and III.

e glx) = $_12 is an even function (symmetric about the -axis);

both branches lie above the ;-axis, in Quadrants [ and 1.

2. Graphing Transformations
Transforming 1 or L

Writing a rational function as

1 .
E(or = 4 ) shifts the
x—h * (x — h)? *

toolkit graph so that the vertical asymptote is . — ;, and the horizontal
asymptote is ¢ = .

1

Example 1: Cketch h(z) = 3
T+
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Colution

This is 1 chiffed left 3 and down 9. Vertical asymptote: , — _3.

Horizon’rg\ asymptote: = —2.
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Example 2: Cketch k(z) = —

(z —1)?
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Golution

This is i shiffed right 1, reflected over the ,-axis, and shifted up 3.
Vertical aggmp’(o’re r = 1. Horizontal asymptote: 4 = 3.

3. Reading Features from a Graph

Example 3: Use the graph below to identify the vertical asymptote,
horizontal asymptote, ;-intercept, and 4 -infercept.




SColution

Vertical asymptote:  — _4. Horizontal asymptote: o — 2.

z-infercept: (3.5 0). y-infercept: (0, —1.75).

(This graph matches f(z) = %_2: setting f(z) =09ves y = —35,
T+

and f(0)=1-2=—-175)

4. Full Worked Examples

Example u: Graph f(z) = : :

(x +2)(x — 1)




Colution

Domain: 7 £ —2 1.
Vertical asymptotes: ;. — —2 2 = 1 (no common factors, so no holes).
Horizontal asymptote: numerator degree () « denominator degree 9, so

y=0-
y-infercept: £(0) =

= —1.5. r-infercepts: none (nu-

merator is never ().

F(x) | 03]075 | —24]0.75 | 0.3
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f(@) 22 +2x—3



Colution

Factor: f(z) = gl . The numerator shares no common
(x+3)(z—1)

factor with the denominator, so there are no holes.

Domain: gz £ —3 1. Verfical agymptotes: = —3 7z =1.

Horizontal asymptote: numerator degree | ~ denominator degree 9, so
y=0 (and there is no slant asymptote, since the numerator's degree
is not exactly one more than the denominator’s).

y-infercept: f(0) = % = —0.33. p-infercept: 4 11 =0 —
r=—11e (—1,0)

f(z) 0.6 | 033 | —0.86| 0.6 | 0.33

Example 6: Graph f(z) =



Colution

@ = Zgzar ) il

Factor: = — for 2.
@)= et 212 7
Hole: at ; — 2. Hole's y-value: 2L — 3 — (.75, o the hole is at
24+2 4
(2,0.75)-
Domain: 4 £ —2, 2. Vertical asymptote: , — 9.

Horizontal asymptote: numerator and denominator both degree 1 (after
simplifying), ratio % =1,%0 y=1.

y-infercept: £(0) = 1 = 0.5 r-intercept: x4+ 1 =0 — 2 =

, 2
—1, i.e. (_1, 0).
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Summary

Key Ideas

o The toolkit functions L and L both have vertical asymptote

r = 0 and horizontal aégmp’(o’?e y =0 % is odd (Quadrants 1,
II1), while %2 is even (Quadrants [, 1I).

. Writing a rational function as ﬁ + k (or (:v—lh)2 + k) shifts the
toolkit graph so the vertical asymptote is » — ; and the hori-

zontal asymptote is = .

« A full graph combines: domain, holes, vertical/horizontal asymp-
fotes, z- and y-intercepts, and a fable of additional points o
confirm the shape of each branch.



