Module 3 Lesson ©
[nverse Functions

Objectives

In this lesson, we will learn how to
o find the inverse of a relation;
« determine whether a function is one-to-one and has an inverse;
. verify that fwo functions are inverses of each other;
. find the inverse of a function algebraically;

. evdluate and gsketch inverse functions from a graph or table.

1. Inverse Relations

Inverse Relation

[nterchanging the first and second coordinate of each ordered pair in
a relafion produces the inverse relation. If a relation is defined by
an equation, interchanging the variables produces an equatfion of the
inverse relation.

Example 1: Find the inverse relation.
() Relation: {(3,2), (4,1),(5,2)}

(b) Relation: {(1,2),(3,4),(5,6)}
(c) Relation: y =3z —5



Colution

(@) Swap coordinates: Inverse Relation — {(2,3), (1,4), (2,
(b) Swap coordinates: Inuerse Relation — {(2,1), (4,3), (6
(c) Swap 5 and y, then solve for 4

)
T=3y—5 = r+5=3y = y:x;_ :

Important Fact

An inverse relation exists for every function, but the inverse relation is
not necessarily a function.

Relation (Function) Inverse Relation

O—® E—0
GH—©

®

Notice: in the Function, both 3 and 4 map to 8. In the Inverce Relation,
8 maps to both 3 and 4 --- so the inverse relation is not a function.

2. One-to-One Functions

One-to-One (1--1) Function

A funcfion is one-fo-one if for every ¢ and p in the domain, ¢ £ b
implies f(a) # f(b). That is, distinct elements in the domain pair with
different elements in the range. Only one-fo-one functions have inverses
that are also functions.



Horizontal Line Test

If any horizontal line crosses the graph more than once, the function is
not one-fo-one and does not have an inverse function.

Vertical Line Test Horizontal Line Test

ot

A

The parabola fails the horizontal line test (not one-to-one, no inverse
function); the line passes the horizontal line test (one-to-one, has an inverse
function).

Domain and Range of an Inverse

The domain of an inverse, if it exists, is the same as the range of its

function. Likewise, the range of the inverse is the same as the domain
of the function.

3. Verifying Two Functions are Inverses

Composition Test

Two functions f and g are inverses of each other if

(fog)(z) == 2ic (go f)(z) =z
We denote the inverse of f by f-1.



Example 2: Determine if f and ¢ are inverses of each other.

@ f2) = —= (z £ —1) 0@ g() == —1 (2 £ 0)

() fz)=2a—1and g(z) = Vo +1

Solution
(@)
3 3 3

oo = (2-1) -y -5 35— v

(gof)(a:):g( & ): il —lou v

z+1 ]

Both compositions equal z, so f and 4 are inverses of each other.
(b)
3
(fog)(z)= (\/3x+1) —l=(z+tl)-1=2«

(go filx)=~/(x3—1) + — V3 =2 v

Both compositions equal 1, so f and ( are inverses of each other.

4. Finding the Inverse Function Algebraically

Cteps to Find an Inverse Function
1. Rewrife the function in ferms of 4.
2. Interchange 5 and 4.
3. Colve for 4.

4. Rewrite using inverse notation f—1(z).



Example 3: Find the inverse of f(z) = 42 — 5.

Solution

T+5

y=4r—5 — r=4y—-5 — v+5=4y — y= 7

-1 _ r+5
Example u: Find the inverse function, if it exists.
(@) f(z) = or + 3
2
3r+4
(b) = 5
gla) = ——= (@ #5)

(©) h(z) =522 +4 (z>0)



Colution

()
S5y + 3 2z — 3
T = y2—l— — 20=5y+3 —= 20 -3 =5y — y= x5 .
20 — 3
1 .
i) =2
(b)
3y +4
T = y+5 — z(y—5)=3y+4 = zy—5z=3y+4.
y_
xy — 3y = 5z + 4.
br +4
ylx—3)=br+4 = y= v :
r—3
ot + 4
il
= 3
@) = S (0 £3)

(c) Since 5 > (, the range of  is y > 4, so the domain of ;-1 is
T > 4.

x—4 z—4

r=57+4 = z—4=5 = 3’ = z

(taking the positive root, since = 5 > ( originally).




5. Evaluating an Inverse from a Graph or Ta-
ble
Reading f~Ya) from a Graph
f~'(a) = b means f(b) = q. On the graph of f, locate ¢ on the y-axis
and read off the corresponding ;--value.
Example G: Use the graph of f(z) below to estimate the following.
(@) f(3)
(b) f71(2)

>
>

flx

\
\4
8

Solution

(a) Find where the graph has height ; — 3: this occurs at approximately
r=09 S0 f~1(3)~9.
(b) Find where the graph has height ; — 2: this occurs at approximately
r=4 S0 f71(2)~ 4



Example 6&: Use the table below to evaluate the following.

t |0]4]5]10]12]16
H(t) |10 [ 2230 [ 48 | 25 | 11

(@) H—1(48)
(b) F-1(11)

Solution

(@) Find ¢ such that H () = 48: from the table, H(10) = 48 So
H1(48) = 10
(b) Find ¢ such that [ (¢) = 11: from the table, fH(16) = 11. So
H-(11) = 16

6. Sketching an Inverse from a Graph

Reflection Property

The graphs of a function and its inverse are reflections of one another
across the line = 4.

>
>

fla) =2

oo



Notice that f passes through (0, 1), while its reflection -1 passes through
(1,0) --- every point (4, p) on f corresponds to a point (p q) on 1.

Summary

Key Ideas

« The inverce relation swaps the coordinates of every ordered pair
(or inferchanges 4 and 4 in an equation); every function has an
inverse relation, but that relation is not always a function.

« A function is one-to-one if it passes the horizontal line test; only
one-to-one functions have an inverse that is also a function.

. The domain of -1 equals the range of f, and the range of f-1
equals the domain of f.

« fand g are inverses exactly when (fog)(z) = 2z and (go f)(x) =
T

. To find f-1 algebraically: write  — f(z), swap z and 4, then
solve for 4.

. The graphs of 7 and f-1 are reflections of each other across the
line ¢ = 7.
Yy=2x



